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CHAPTER 1

Algebraic cycles

Basic references are [Ful98], [EKMO8, Chapters IX and X] and [Stal8, Tag 02P3].

1. Length of a module

All rings will be commutative, with unit, and noetherian. When A is a local ring, we
denote by m4 its maximal ideal.

Let A be a (noetherian commutative) ring, and M a finitely generated A-module.
The length of a chain of submodules 0 = My C --- € M,, = M is the integer n. The
length of M, denoted by

la(M) € NU{oo}
is supremum of the length of the chains of submodules of M. If I is an ideal of M such
that ITM =0, then [o(M) = 14,7 (M). When A is a field, then [4(M) is the dimension of
the A-vector space M. The length of the ring A is [4(A) and will be denoted by I(A).

DEFINITION 1.1.1. A function v, which associates to every finitely generated A-
module M an element (M) of NU{oo} will be called additive, if for every exact sequence
of A-modules

0->M —>M-—-M" -0
we have in N U {oo},
(M) = (M) + p(M").
PROPOSITION 1.1.2. The length function M — 14(M) is additive.
The support of M, denoted Supp M, is the set of primes p of A such that M, # 0.

The dimension of M, denoted dim M, is the Krull dimension of the topological space
Supp M. It coincides with the dimension of the ring A/ Ann(M).

PRrROPOSITION 1.1.3. Let A be a local ring, and M a finitely generated A-module. The
following conditions are equivalent:
(Z) ZA(M) < 0.
(#i) There is n € N such that (my)"M = 0.
(ii) We have dim M < 0.

LEMMA 1.1.4. Let M be a finitely generated A-module. There is a sequence of A-
submodules 0 = My C My C --- C M, = M such that

Miy1 /M; ~ A/p;
with p; € Supp M.
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2. Group of cycles

We fix a base field k. A wvariety will mean a separated scheme of finite type over
Speck. Unless otherwise specified, all schemes will be assumed to be varieties, and a
morphism will be a k-morphism. The function field of an integral variety X will be
denoted by k(X). If Z is an integral closed subscheme of a variety X, we denote by Ox 7z
the local ring Ox . at the generic point z of Z.

DEFINITION 1.2.1. Let X be a variety. We define Z(X) as the free abelian group
on the classes V' of integral closed subschemes V of X. A cycle on X is an element of
Z(X), that is, a finite Z-linear combination of elements [V], for V as above. There is a
grading Z(X) = @,, Z,.(X), where Z,,(X) is the subgroup generated by the classes [V]
with dimV = n.

DEFINITION 1.2.2. When T is a (possibly non-integral) closed subscheme of X, we
define its class

[T] = Zmi[Ti] € 2(X),

where T; are the irreducible components of T, and m; = I(Or 1) is the multiplicity of T
at T;. (The local ring Or 7, has dimension zero, hence finite length by Proposition 1.1.3;
there are only finitely many irreducible components because T is a noetherian scheme.)
Note that [@] = 0.

DEFINITION 1.2.3. Let Y — X be a dominant morphism between integral varieties.
We define an integer

J EY) k(X)) fdimY =dimX,
deg(Y/X) = { 0 otherwise.

DEFINITION 1.2.4. When f: Y — X is a morphism (between varieties), and W an
integral closed subscheme of Y, we let V' be the closure of f(W) in X (or equivalently
the scheme-theoretic image of W — X)), and define

f«W] = deg(W/V) - [V]
This extends by linearity to give a group homomorphism
fer Zo(Y) = Z,(X).

ExXAMPLE 1.2.5. Let X be a variety, with structural morphism p: X — Speck. Then
we have a group homomorphism

deg = p.: Z(X) — Z(Speck) = Z.

We have deg Z,,(X) = 0 if n > 0. The group Z¢(X) is generated by the classes of closed
points of X, and for such a point x with residue field k(z), we have

deg[{x}] = [k(z) : K].
LEMMA 1.2.6. Consider morphisms Z Sy Lox. We have

(fog)e = fiogs: Z2(Z) = Z(X).
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PROOF. Let W be an integral closed subscheme of Z. Let V be the closure of g(W)
in Y, and U the closure of f(V) in X. Then U is the closure of (f o g)(W) in X. We
have dim W = dim U if and only if dimV = dim U and dim V' = dim W, in which case

(f 0 9)«[W] = [k(W) : k(U)] - [U]
= [E(W) - k(V)] - [k(V) : K(U)] - [U]
= [k(W) : k(V)] - £[V]
= feog:[W].
Otherwise (f o g)«[W] = 0, and either g.[W] =0 or f.[V] = 0. Since f.[V] is a multiple
of [W], we have f, o g.[WW] =0 in either case. O

3. Effective Cartier divisors I

DEeFINITION 1.3.1. A closed embedding D — X is called an effective Cartier divisor
if its ideal Zp is a locally free Ox-module of rank one (i.e. an invertible O x-module). It is
equivalent to require that every point of X have an open affine neighborhood U = Spec A
such that D NU = Spec A/aA for some nonzerodivisor a € A (recall that a € A is called
a nonzerodivisor if the only « € A such that ax =0 is z = 0).

ProprosITION 1.3.2. Let f: Y — X be morphism, and D — X an effective Cartier
divisor. Then f~'D — Y is an effective Cartier divisor, under any of the following
assumptions.

(i) Y is integral, and f~1D # Y,
(ii) or f is flat.

PROOF. We may assume that X = Spec A, and D = Spec A/aA for some nonzerodi-
visor a € A. We may further assume that Y = Spec B, that f is given by a ring morphism
u: A — B, and prove that u(a) is a nonzerodivisor in B.

If u: A — B is flat, then multiplication by a is an injective endomorphism of A, hence
multiplication by u(a) = a®1 is an injective endomorphism of B = A® 4 B (by flatness),
so that u(a) is a nonzerodivisor in B.

If f~1D # Y, then the element u(a) € B is nonzero, hence a nonzerodivisor if B is a
domain (i.e. Y is integral). O

We will use the following version of Krull’s principal ideal theorem:

THEOREM 1.3.3. Let A be a noetherian ring and a € A a nonzerodivisor. Then every
prime of A minimal over a has height one.

LEMMA 1.3.4. Let D — X be an effective Cartier divisor, with X of pure dimension
n. Then D has pure dimension n — 1.

PRrOOF. To prove that D has pure dimension n — 1, we may assume that X = Spec A
and D = Spec A/aA for some nonzerodivisor a € A. Then the irreducible components of
D correspond to the minimal primes of A over a. If p is such a prime, then heightp = 1
by Krull’s Theorem 1.3.3. Let q be a minimal prime of A contained in p, and T the
corresponding irreducible component of X. We recall that in an integral domain which
is finitely generated over a field, all the maximal chains of primes have the same length
(see e.g. [Har77, Theorem 1.8A]). In particular

dim 7T = tr.deg.(k(T)/k) =n =1+ dim A/p,
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so that the irreducible component of D corresponding to p has dimension n — 1. 0

PRrROPOSITION 1.3.5. Let X be an equidimensional variety, and D — X an effective
Cartier divisor. Let X; be the irreducible components of X, and m; = 1(Ox x,) the
corresponding multiplicities. Then

D =Y mDnX;| € Z(X).
Proor. It will suffice to compare the coefficients at an integral closed subscheme Z
of codimension one in X contained in D. Let A = Ox z and U = Spec B an open affine
subscheme of X containing the generic point of Z such that DN U — U is defined by a

nonzerodivisor b € B. Let a € A be the image of b. Then Op, z = A/aA, and the formula
that we need to prove becomes

I(A)ad) = Zz A/ (pi + aA)),

where p; are the minimal primes of A, correspondlng to the components X; containing Z

(if Z ¢ X; then the coefficient of [D N X;] at Z is zero). We prove the formula above in

Corollary 1.4.6 in the next section. 0
4. Herbrand Quotients I

Let A be a noetherian ring and a € A. Let M be a finitely generated A-module. We
will denote the a-torsion submodule of M by

M{a} =ker(M % M) = {m € M|am = 0}.
LEMMA 1.4.1. We have Supp(M{a}) C Supp(M/aM).

PrOOF. Let p € Supp(M{a}). Then 0 # (M{a}), = Mp{a} C M,. If p ¢
Supp(M/aM), then 0 = (M/aM), = M,/aM,, hence by Nakayama’s lemma a ¢ p.
Thus a € (A,)*, hence multiplication by a induces an injective endomorphism of M,, so
that M,{a} = 0, a contradiction. O

DEFINITION 1.4.2. Assume that [4(M/aM) < co. Thenls(M{a}) < co by Lemma 1.4.1,
and we define the integer

ea(M,a) =la(M/aM) — La(M{a}).
LEMMA 1.4.3. If M has finite length, then es(M,a) = 0.

Proor. This follows by additivity of the length function from the exact sequences
of A-modules of finite length

0—M{a} > M —aM —0
0—aM — M — M/aM — 0. O
The next statement asserts that the function e4(—,a) is additive:
LEMMA 1.4.4. Consider an exact sequence of finitely generated A-modules
0—-M —M-—M"—0.
If M/aM has finite length, then so have M'/aM' and M" /aM", and
ea(M,a) =ea(M' a)+ea(M",a).
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PRrROOF. The snake lemma gives an exact sequence
0— M'{a} - M{a} - M"{a} - M'/aM' — M/aM — M" /aM" — 0.
If M/aM has finite length, then so has its quotient M”/aM". By Lemma 1.4.1, the

A-module M"{a} also has finite length, hence by the sequence above so has M'/aM’.
The equality follows from the additivity of the length function. O

PROPOSITION 1.4.5. Let A be a noetherian ring and M a finitely generated A-module.
Let a € A be such that the A-module M /aM has finite length. Then

ea(M, a) ZZAF M) - 1(A/(p + ad)),

where p runs over the non-mazimal primes of A.

PRrROOF. Both sides are additive in M by Proposition 1.1.2 and Lemma 1.4.4. Thus
by we may assume that M = A/q for some prime q of A. If q is maximal, then both sides
vanish, in view of Lemma 1.4.3. We may thus assume that the ideal q is not maximal.
Since I(A/(q + aA)) < oo, every prime containing q + aA is maximal, and in particular
a & q. By Krull’s Theorem 1.3.3, we have dim A/q = 1, hence the only non-maximal prime
p such that M, # 0 is p = q. Thus the right hand side is 4, (x(q)) - I(A/(q + aA)) =
I(A/(q+ aA)) (where x(q) = (A/q)q is the residue field at q), and coincides with the left
hand side, since M{a} = 0. O

COROLLARY 1.4.6. Let A be a noetherian ring of dimension one and a € A a nonze-
rodivisor. Then

I(AJaA) = Zz JI(A/(p + ad)),

where p runs over the minimal primes of A.

PROOF. We have dim A/aA < 0 by Krull’s Theorem 1.3.3 (or more simply because
the nonzerodivisor a cannot belong to any minimal prime), hence I(A/aA) < oco. Since
A{a} =0, it follows that es(A,a) = 1(A/aA). Thus the statement follows from Proposi-
tion 1.4.5 applied with M = A. O

5. Flat pull-back
We will make repeated use of the following form of the going-down theorem:

ProposiTiON 1.5.1. Let f: Y — X be a flat morphism. Then any irreducible com-
ponent of Y dominates an irreducible component of X

DEFINITION 1.5.2. A morphism f: Y — X is said to have relative dimension d, if for
all morphisms V' — X with V integral, the variety f~'V =V x x Y has pure dimension
d+dimV.

If f has relative dimension d, then the same is true for any base-change of f.

ExAMPLE 1.5.3. Examples of flat morphisms of relative dimension d include:
e Open immersions (d = 0),
e Vector bundles of constant rank d,
e Projective bundles of constant rank d + 1.
e The structural morphism to Speck of a variety of pure dimension d.
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e More generally, any flat morphism ¥ — X where X is irreducible and Y has
pure dimension d + dim X.

DEFINITION 1.5.4. Let f: Y — X be a flat morphism of relative dimension d. When
V is an integral closed subscheme of X, we define (using Definition 1.2.2)

FIVI= 17V = [V xx Y] € Z(Y).
This extends by linearity to give a group homomorphism
't Za(X) = ZuralY).
REMARK 1.5.5. Let u: U — X be an open immersion. The homomorphism v*: Z(X) —

Z(U) sends [V] to [VNU]. Note that if U; is a finite open cover of X, the homomorphism
Z(X) = P, Z2(U;) is injective.

LEMMA 1.5.6. Let f: Y — X be a flat morphism with a relative dimension. Then
fX] =[] in Z(Y).

PRrROOF. Let W be an irreducible component of Y, and V the closure of its image in
X. Proposition 1.5.1 implies that V' is an irreducible component of X. The coefficient
of [Y] at W is I(Oy,w), and the coefficient of f*[X] at W is I(Ox v)l(Of-1y,w). Let
A= Ox,y and B = Oy,w. Since B/myB = Of-1y,, we need to prove that

I(B) =1(A)l(B/maB).
This follows from Lemma 1.5.7 below (with M = A). O

LEMMA 1.5.7. Let A be a local ring and B a flat A-algebra. Assume that dim A =
dim B = 0 and let M be a finitely generated A-module. Then

I5(M ©4 B) = La(M)I(B/m4B).

PRroOOF. Both sides are additive in M, and we may assume by Lemma 1.1.4 that
M = A/my. Then [4(M) = 1, and the result follows. O

PRrROPOSITION 1.5.8. If g: Z =Y and f: Y — X are two flat morphisms having a
relative dimension, then so is the composite f o g, and we have

(fog) =g of": Z(X) = 2(2).

PRrROOF. The first statement follows at once from the definition.

Let U be an integral closed subscheme of X, and V = f~'U and W = (f o g)~'U.
Replacing Z - Y — X with W — V — U, it will suffice to prove that the two homo-
morphisms have the same effect on [X]. By Lemma 1.5.6, we have

(fog)'XI=[(fog) ' X]I=g ' fT'X] = g"[f ' X] = g" o f*[X]. 0

PROPOSITION 1.5.9. Consider a cartesian square

Yl fH X/

L)

Y —X

where the morphism x (and therefore also y) is flat of relative dimension d. Then
floy* =a"of..
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PROOF. The case when f is a closed embedding follows from the definition of the
flat pull-back. We prove that the two homomorphisms have the same effect on the class
on an integral closed subscheme W of Y. Let V be the closure f(W) in X. Taking the
base change along V' — X, and using the case of a closed embedding, we are reduced to
assuming that Y and X are integral, and that f is dominant, and (since y*[Y] = [Y’] by
Lemma 1.5.6) proving that

(1.5.a) LY =2"0 f,]Y].
Since f has relative dimension d, for every irreducible component R of Y, we have
dim R — dim X’ = dimY — dim X.

In particular, if dimY > dim X, then f,[Y] =0 and f/[Y’] =0, so that (1.5.a) holds.

Thus we assume that dim X = dimY (recall that f is dominant). We prove that
the two sides of (1.5.a) have the same coefficient on the class of a given irreducible T'
component of X’ (which must dominate X by Proposition 1.5.1). We let K = k(X),
L=kY),C=0x/r,and D =C @k L. Applying Lemma 1.5.10 below with M = C,
we see that the coefficient of z* o f,[Y] at [T] is

[L: K)I(C)=lc(D).
The ring D is artinian (being finite over C'), and the set Spec D is in bijection with
the irreducible components of Y/ dominating 7. Moreover if q¢ € Spec D corresponds to

an irreducible component @, then the local rings Dy and Oy ¢ are isomorphic. It follows
that the coefficient of f.[Y”] at [T is

Zz )[D/q: C/me] = Zl )lc(D/q),

where ¢ runs over Spec D. The statement follows from Lemma 1.5.11 below, applied with
A=Cand B=M = D. O

LEMMA 1.5.10. Let L/K be a finite field extension and C' a K-algebra. Let M be a
C-module of finite length. Then
lc(M @k L) =[L: K|lc(M).
ProoOF. By Proposition 1.1.3 the set Supp- M consists of maximal ideals of C'. Both

sides of the equation are additive in M, hence by Lemma 1.1.4 we may assume that
M = C/p, for p a maximal ideal of C. Then M is a field, so that lo(M) =1, and

where dimp; and dimg stand for the dimensions as vector spaces. The statement follows.
O

LEMMA 1.5.11. Let B be an A-algebra, and M a B-module. Assume that M has
finite length as an A-module and that dim B = 0. Then

Ia(M) =Y g ,(Mg)la(B/q).
qESpec B

PRrROOF. Both sides of the equation are additive in the B-module M. By Lemma 1.1.4
we may assume that M = B/q, for q a maximal ideal of B, in which case both sides of
the equation are equal to 1. O
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CHAPTER 2

Rational equivalence

1. Order function

Let A be a local domain of dimension one and K its fraction field. When a € A—{0},
the ring A/aA has dimension < 0, hence finite length, and we define an integer

ordy(a) =1(A/aA) € N.
If a,b € A — {0}, we have an exact sequence of A-modules
0 — aA/abA — AJabA — A/aA — 0.
Multiplication by the nonzero element a of the domain A induces an isomorphism
A/bA — aA/abA.
Using the additivity of the length function, we deduce from the exact sequence above that
ord 4(ab) = orda(a) + orda(b).
This allows us to extend the function ord 4 to a group homomorphism from the group
of invertible elements in K
ordy: K* = Z.
Concretely, we may write any ¢ € K* as ¢ = f/g with f,g € A — {0} and define
orda(p) =1(A/fA) —1(A/gA) € Z.
LEMMA 2.1.1. Let A be a discrete valuation ring with fraction field K. Thenorda: K* —
7Z is the valuation of A.

PROOF. Let m be a uniformiser of A. Any ¢ € K* may be written as ¢ = 7" with
u € A*, and n € Z the valuation of ¢. Observe that ord4(u) = 0 because u € A*, while
ord4(m) =1 since A/mA is the residue field of A, an A-module of length one. Thus

orda(¢) = norda(n) + orda(u) = n. O

Let X be an integral variety, and ¢ € k(X)*. For any point z of codimension one
in X, the local ring Ox , has dimension one and its fraction field is k(X). We will write
ordg(¢) = ordo, , (¢). Similarly, for an integral closed subscheme V' of codimension one
in X, we write ordy (¢) = ordoy . (©).

LEMMA 2.1.2. Let A be a finitely generated k-algebra which is a domain, a € A—{0},
and consider the closed subscheme D = Spec A/aA of X = Spec A. Then

[D] =) ordv(a)-[V] € Z(X),
14

where V' runs over the integral closed subschemes of codimension one in X.
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PROOF. Since D — X is an effective Cartier divisor, the variety D has pure dimension
dim X — 1 by Lemma 1.3.4. Let V be an integral closed subscheme of codimension one
in X, and let p be the corresponding prime of height one in A, so that A, = Ox yv. We
have

I((A/ad)y) =1(Ap/aAy) = ordy(a).
If V C D, then the integer above is the coefficient of [D] at [V]. If V' ¢ D, then the
coefficient of [D] at [V] vanishes. But in this case we have a ¢ p, and thus (4/aA), =0,
so that ordy (a) = 0, as required. O

PROPOSITION 2.1.3. Let X be an integral variety, and ¢ € k(X)*. The set of integral
closed subschemes V' of codimension one in X such that ordy (p) # 0 is finite.

PRrOOF. Taking a finite cover by open affine subschemes, we may assume that X =
Spec A. Further, we may assume that ¢ € A. Then the result follows from Lemma 2.1.2.
O

DEFINITION 2.1.4. Let X be an integral variety, and ¢ € k(X)*. We set
dive =) ordv(p) - [V] € Z(X),
%

where V' runs over the integral closed subschemes of codimension one in X.
Thus Lemma 2.1.2 amounts to:

LEMMA 2.1.5. Let A be a finitely generated k-algebra which is a domain, a € A—{0},
and consider the closed subscheme D = Spec A/aA of X = Spec A. Then
[D] =diva € Z(X).
DEFINITION 2.1.6. Let X be a variety. We let R(X) be the subgroup of Z(X)

generated by the elements divy € Z(V) C Z(X), where V runs over the integral closed
subschemes of X, and ¢ € k(V)*. Then we define the Chow group of X as

CH(X) = Z2(X)/R(X) = @ CH,(X),

where CH,,(X) = Z,,(X)/ R, (X) with R,,(X) = R(X) N Z,,(X).
2. Flat pull-back

When f: Y — X is a dominant morphism between integral varieties, and ¢ € k(X)*,
we define f*p as the image of ¢ under the natural morphism k(X)* — k(Y)*.

LEMMA 2.2.1. Let f:' Y — X be a flat morphism having a relative dimension, and
let Y; be the irreducible components of Y, with multiplicities m; = Oyy,. Assume that
X is integral, and let p € k(X)*. Let f;: Y; = Y be the morphisms induced by f (which
are dominant by Proposition 1.5.1). Then

frfodive = Zmi div(fi¢) € Z(Y).

PROOF. First observe that the statement certainly holds when f is an open immersion
(if x € Y C X, then the local rings Oy, and Ox , are isomorphic).

In general, since f* and div are both compatible with restriction to open subschemes,
we may assume that X = Spec A, and also that Y = Spec B. Then ¢ = a/b with a,b € A,
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and we may assume that ¢ € A. Then ¢ defines an effective Cartier divisor D — X.
Since f is flat, its inverse image f~'D — Y remains an effective Cartier divisor by
Proposition 1.3.2. By the same proposition, since f~'D does not contain Y; (e.g. by
Lemma 1.3.4), the closed embedding Y; N f~1D — Y; is an effective Cartier divisor; it
is given by the element ff¢ € HY(Y;,Oy,). Using Lemma 1.5.6, Proposition 1.3.5 and
Lemma 2.1.5, we have in Z(Y)

frodive = f'[D) = [f'D) = Y ml¥in £ D) = 3" midiv(s; ). 0

PROPOSITION 2.2.2. Let f: Y — X be a flat morphism of relative dimension d. Then

*R(X) C R(Y), giving a group homomorphism
f*: CHe(X) — CHeyq(Y).

PROOF. Let V be an integral closed subscheme of X, and ¢ € k(V)*. It will suffice to
prove that f*odive =0 in CH(f~'V). Since the morphism f~1V — V is flat of relative
dimension d, we may assume that X is integral and ¢ € k(X)*. Then the statement
follows from Lemma 2.2.1. g

3. Localisation sequence

Let i: Y — X be a closed embedding. Then i, R(Y) C R(X) by definition. This
gives a group homomorphism i,: CH(Y) — CH(X).

PROPOSITION 2.3.1 (Localisation sequence). Let i: Y — X be a closed embedding,
andu: U =X —Y — X be the open complement. Then the following sequence is exact:

CH(Y) 5 CH(X) 55 CH(U) — 0
Proor. The following sequence is
(2.3.b) 0= Z2(Y) 5 2(X) X5 Z2(U) = 0

is (split-)exact. Thus it will suffice to take o € Z(X) such that u*a = 0 in CH(U), and
find 8 € Z(Y) such that a = i,8 in CH(X). There are finitely many integral closed
subschemes V; of U, and rational functions ¢; € k(V;)* such that

uro = Zdiij e Z(U).
J

For each j, let Vj be the closure V; in X, and v; the rational function on V; corresponding
to ¢; under the isomorphism k(V;) ~ k(Vj). Then

u* (o — Zdivz/)j) =0¢e€ Z(U).

Using the sequence (2.3.b), we find an element 5 € Z(Y') such that
a— Y dive; =i.p € Z(X).
J

It follows that o = 4,8 in CH(X). O
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CHAPTER 3

Proper push-forward

1. Distance between lattices

Let R be a local (commutative noetherian) domain of dimension one, and K its
fraction field. Let V' be a K-vector space of finite dimension. A lattice in V is a finitely
generated R-submodule M of V' such that the induced morphism M @p K — V is
surjective (it is always injective). This means that M contains a K-basis of V.

EXAMPLE 3.1.1. Let R — S be a finite injective ring morphism. Assume that S is
a domain, with fraction field L. Then the K-vector space L is finite dimensional, and
S is a lattice in L. Indeed the K-algebra S ® p K is contained in L, hence it has finite
dimension as a K-vector space and is a domain. Thus S ®g K is a field, and we conclude
that S ®r K = L.

LEMMA 3.1.2. (i) If a finitely generated R-submodule M of V' contains a lattice N
in 'V, then M is a lattice in V.
(i) If M is a lattice in V, and ¢ a K-automorphism of V , then (M) is a lattice in V.

PROOF. (i) : Indeed the morphism N ®p K — M ®r K — L is surjective, and
therefore so is M ® g K — L.
(ii) : Using the commutative square

Mer K v

L)

p(M)@r K —=V

we see that the lower horizontal arrow must be surjective. O

LEMMA 3.1.3. Let M, N be lattices in V. Then:

(i) The R-submodule M NN is a lattice in V.
(i) The R-module M/M N N has finite length.

PROOF. Let mq,---,m, be a set of generators of the R-module M. Since N is a
lattice in V', we can find elements ay, - ,a, € R — {0} such that a;m; € N for all
t=1,---,n. Writing a = a; ---a, € R, we have aM C M N N. Then aM is a lattice in
V by Lemma 3.1.2 (ii), and so is M N N by Lemma 3.1.2 (i). This proves (i).

We have dim M/aM < dim R/aR < 0, hence the R-module M/aM has finite length
(Proposition 1.1.3), and so has its quotient M /M N N, proving (ii). O

DEFINITION 3.1.4. Let M, N be lattices in V. We define
AdM,N)=Ir(M/(MNN))—Ir(N/(MNN)) €Z.
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One sees immediately that:
e We have d(M,N) +d(N,M) =0.
e If N C M, then d(M,N) =lg(M/N).
LEMMA 3.1.5. Let M, N, P be lattices in V. Then
d(M,N)+d(N,P) =d(M,P).
PRrROOF. Assume first that P C M N N. Then we have exact sequences of R-modules
0—-(MNN)/P—-M/P—-M/(MNN)—0

and
0—-(MnNN)/P—N/P—-N/(MNN)—0,

so that, using the additivity of the length,
d(M, N) = 1p(M/(M A N)) — [p(N/(M N N))
=Ir(M/P)—Ir(N/P)

and the formula is true in this case.
In general (when P ¢ M N N), the R-submodule Q = PN M N N is a lattice in V,
by applying twice Lemma 3.1.3 (i). Using three times the case above, we have

d(M,N)+d(N,P) =d(M,Q) +d(Q,N) + d(N,Q) + d(Q, P)
=d(M,Q) +d(Q, P)
=d(M, P). O
LEMMA 3.1.6. Let ¢ be a K-automorphism of V.. The integer d(M, o(M)) does not
depend on the lattice M in V.
Proor. Let M, N be two lattices in V. Then, by Lemma 3.1.5,
d(M, p(M)) = d(M, N) + d(N, p(N)) + d((N), p(M)).
Since ¢ induces isomorphisms
M/MON = o(M)/p(M)Ne(N) and  N/MNON = o(N)/e(M)Np(N),
we see that
and the statement follows. O
PROPOSITION 3.1.7. Let M be a lattice in V, and ¢ a K-automorphism of V. Then
d(M,o(M)) = ordg(det p).

PROOF. Letting e1,--- ,e, € M be a K-basis of V, in view of Lemma 3.1.6, we may
replace M by the lattice @, Re;, and assume that ey, --- , e, generate M. If ¢ is another
K-automorphism of V', we have, using Lemma 3.1.5, Lemma 3.1.6 and Lemma 3.1.3 (ii),

d(M, o p(M)) = d(M, p(M)) + d(p(M), o p(M)) = d(M, p(M)) + d(M, (M)).
We also have

ordg(det(y) o p)) = ordr((det ¢) - (det ¢)) = ordr(det ¥) + ordg(det ).
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Therefore each of the two functions
o+ d(M,o(M)) and ¢ — ordg(det )
defines a group homomorphism
AutK(V) — 7.
Since Autg (V') is generated by automorphisms whose matrices in the basis eq,- - - , e, are
elementary, we may assume that the matrix of ¢ is elementary.

If this matrix is permutation then (M) = M. If for some ¢, 7, we have @(e) = eg
for all k£ # ¢, and ¢(e;) = e; + (a/b)e; for some a,b € R and j # i, then replacing e; by
be; (thus modifying M), we may assume that b = 1, and therefore M = o(M). In these
two cases det ¢ = +1 € R*, and we conclude that

d(M,o(M)) =0 = ordr(det ).

Finally assume that the matrix of ¢ is diagonal, with entries (1,--- ,1,a) witha € K*.
Since we may restrict to a generating set of the group Autg(V), we may assume that
a € R—{0}. Then (M) C M and

M/p(M) = R®"/(R®""!' & aR) = R/aR,
so that d(M, ¢(M)) = l(R/aR). But det ¢ = a, hence ordg(det ¢) = ordr(a) = I(R/aR),
as required. O
2. Proper push-forward of principal divisors

ProposITION 3.2.1. Let f: Y — X be a proper and surjective morphism. Assume
that Y and X are integral, and that dimY = dim X. Then for any ¢ € k(Y)*, we have

feodivp = div (Nyy)mx) (@) € Z(X),
where Nyyy/ix)y: B(Y) = k(X)* is the norm of the field extension.

PROOF. — Case f is finite. Let x € X be a point of codimension one. We compare
the coefficients at = on the two sides of the equation. Letting A = Ox ,. The scheme
f~'Spec A can be written as Spec B, since it is finite over Spec A. We have dim A =
dim B = 1. Writing ¢ as quotient of elements of B, we may assume that ¢ € B. The

points y € Y such that f(y) = x are in bijective correspondence with the maximal ideals
q of B. On the left hand side, we have (here q runs over the maximal ideals of B)

> [k(y) : k()] ordy () =Y [B/q: A/ma]l(By/¢By)
yef~Hx} q

— ZZA(B/q)l(Bq/SDBq)
q

=1a(B/¢B),

where we used Lemma 1.5.11 with M = B/¢B for the last equality.
On the right hand side, the coefficient at x is

ordg(det my,)

where m,, is the multiplication by ¢ in the k(X)-algebra k(Y). We apply Proposition 3.1.7
and Example 3.1.1 for the ring R = A, the lattice B in V = k(Y).
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— Case f is birational and X is normal. Let x € X be a point of codimension one.
Let y € Y be such that f(y) = z. Then Ox, C Oy, is a local morphism and Ox , is
a valuation ring of k(X) (it is a discrete valuation ring, being a local integrally closed
domain of dimension one). Thus Ox , = Oy, as subrings of k£(X) and in particular y
has codimension one in Y. This proves that the points y € Y such that f(y) = x are in
bijective correspondence with the morphisms Spec Ox , — Y over X, and by the valua-
tive criterion of properness there is exactly one such morphism. Thus f~{z} = {y} for
some y € Y. From the equality Ox , = Oy, we deduce that [k(y) : k()] = 1, and that
the component of divy € Z(Y) at y is the same as the component divy € Z(X) at .
Therefore f, odivy = div ¢, as required in this case.

— General case. Let Y — Y be the normalisation of Y (in k(Y)), and X' — X
the normalisation of X in k(Y). By the universal property of the normalisation, the
dominant morphism f lifts to a dominant morphism Y’ — X’. We may view ¢ as
element of k(Y")* = k(Y)*. Since the morphisms X’ — X and Y/ — Y are finite
(we are working with varieties, which are of finite type over a field), and Y’ — X’ is

a birational morphism with normal target, we conclude using the two case considered
above. O

COROLLARY 3.2.2. Let f: Y — X be a proper surjective morphism between integral
varieties, and ¢ € k(X)*. Then, using Definition 1.2.3,

feodiv(f*p) =deg(Y/X) - divp € Z(X),

PRrROOF. Let d = deg(Y/X). Assume that dimY = dim X. Then the norm of
ffo e k(Y)* is ¢? € k(X)*, and we have by Proposition 3.2.1,

feodiv(f*e) = div(p?) = ddiv(p) = d - div(p) € Z(X).

Now assume that dimY > dim X, and let W be an integral closed subvariety of codi-
mension one in Y. If f(W) = X, then the inclusion k(X) — k(Y') factors through Oy,
and in particular f*p € (Oy,w)* C k(Y)*, so that ordw (f*¢) = 0. If f(W) # X, then
dim W > dim f(W), and f.[W]=0¢€ Z(X). Thus

Feodiv(fre) =) fi(ordw (f*p) - W]) =0,
w
where W runs over the integral closed subvarieties of codimension one in Y O

The next statement is nontrivial only in case dim X = 1.

LEMMA 3.2.3. Let X be a integral variety, proper over Speck, and ¢ € k(X)*. Then,
using the notation of Example 1.2.5

degodivep = 0.

PROOF. Sending ¢ to ¢ gives rise to a k-scheme morphism Spec k(X) — Spec k[t,t7!] =
P! — {0,000}, and therefore a morphism Speck(X) — X xj PL. Let Z be its scheme-
theoretic image; this is an integral closed subscheme of X x; P'. The image P of Z in P!
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is closed, by the properness of X over k. Thus we have a commutative diagram
f

7z ——X
h
P —— Speck
where each morphism if proper and surjective, and f is additionally birational. Since P

is not contained in {0, oo}, the element ¢ maps to an element = € k(P)*. By construction
ffo=p't e k(Z)*. Thus

g« 0 divp = g, o fi odiv(fy) by Corollary 3.2.2
= gi 0 fx odiv(p*m)
= h, o p, odiv(p*7) by Lemma 1.2.6
=deg(Z/P) - hyodivrw by Corollary 3.2.2.

Now either dim P = 0 or P = P!. In the first case divm € Z_1(P) =0. If P = P!,
then 7 =t € k(P!)*, and we have in Z(P!)

hy o div = (0] = [oo]) = [£(0) : k] — [k(c0) : k] = 0. O

Lemma 3.2.3 says that, when X is a complete variety, the degree map of Example 1.2.5
descends to a group homomorphism

deg: CH(X) — Z.

THEOREM 3.2.4. Let f: Y — X be a proper morphism. Then f. R(Y) C R(X),
which gives a group homomorphism

fo: CHJ(Y) — CH.(X).

PROOF. As already observed, the statement is certainly true when f is a closed
immersion. Thus we may assume that X,Y are integral and f surjective, take ¢ €
E(Y)* and prove that f. odivp € R(X). If dimY = dim X, the result follows from
Proposition 3.2.1. If dimY > dim X + 1, then f, odivy € Zgimy—1(X) = 0. Thus we
may assume that dimY = dim X + 1. Then f, odivy = d - [X], where

d =" "[k(y) : k(X)]ord,(y),

and y runs over the set of points of codimension one in Y such that f(y) is the generic
point of X. The generic fiber F' =Y X x Spec k(X)) is an integral k(X )-variety, and letting
¥ be the image of ¢ under the isomorphism k(Y)* ~ k(F)*, we have d = degodiv.
This integer vanishes, by Lemma 3.2.3 applied to the k(X)-variety F. O






21

CHAPTER 4

Divisor classes

1. The divisor attached to a meromorphic section

Let X be a variety. An Ox-module will be called invertible if it is locally free of rank
one, i.e. if each point of X is contained in an open subscheme U such that £ restricts to
a free Oy-module of rank one on U.

Let £ be an invertible O x-module. When i: V' — X is a closed or open immersion,
we denote by L]y the invertible Oy-module i*L.

DEFINITION 4.1.1. Assume that X is integral, with generic point 1. A regular mero-
morphic section of L is an nonzero element of the generic stalk of £, i.e. an element of
L, —{0}. The set of regular meromorphic sections of £ is noncanonically in bijection
with k£(X)*. When s,t are two regular meromorphic sections £, we write s/t € k(X)*
for the unique element such that (s/t) -t = s.

Let x be a point of codimension one in X, and u € L, a generator of the free Ox ,-
module £,. We may view u as a regular meromorphic section of £, via the injection
Ly — L,). The integer

ordg . (s) = ordy(s/u).
does not depend on the choice of u. Indeed, if v’ € £, is another generator, then u = \-u’
for some A € (Ox ;)*. Therefore

s=(s/u)-u=X\-(s/u)-u
so that s/u’ = X - (s/u), and
ord,(s/u") = ord, (A - (s/u)) = ord,(\) + ord,(s/u) = ord,(s/u).

When £ = Ox, the regular meromorphic section s corresponds to an element ¢ €
kE(X)*, and we have

(4.1.¢) ordz ,(s) = ord,(p) € Z.

LEMMA 4.1.2. Let X be an integral variety, a: L — M an isomorphism of invert-
ible Ox-modules, and s a regular meromorphic section of L. Then for any point x of
codimension one in X, we have

ordz z(s) = ord g,z ((s)).

PROOF. Let 1 be the generic point of X, and u a generator of £,. Then a(u) is a
generator of M., and

as) = al(s/u) - w) = (s/u) - a(w) € M,
so that a(s)/a(u) = s/u, and
orda . (a(s)) = ordg (a(s)/a(u)) = ord,(s/u) = ordg . (s). O
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LEMMA 4.1.3. Let X be an integral variety, and s a reqular meromorphic section of
an invertible Ox-module L. Then the set of points x of codimension one in X such that
ordg 5(s) # 0 is finite.

PRrOOF. Taking a finite cover of X by affine open subschemes where the restriction
of £ is trivial, this follows from Lemma 4.1.2, (4.1.c) and Proposition 2.1.3 O

DEFINITION 4.1.4. Let X be an integral variety, £ an invertible Ox, and s a regular
meromorphic section of £. We define

dive(s) =Y orde,, (5)[V] € Z(X),
14

where V' runs over the integral closed subvarieties of codimension one in X, and 7y
denotes the generic point of V.
LEMMA 4.1.5. Let X be an integral variety, and L, M invertible Ox -modules.
(i) Let a: L — M be an isomorphism, and s a regular meromorphic section of L. Then
divz(s) = divag(a(s)).
(ii) Let p € k(X)*. Then, viewing ¢ as a reqular meromorphic section of Ox,
divo, (p) = div p.
(iii) Let s, resp. t, be a reqular meromorphic section of L, resp. M. Then
divegm(s @ t) = dive(s) + divag(t).
(iv) Let s,t be two regular meromorphic sections of L. Then
dive(s) = dive(t) + div(s/t).
PRrROOF. (ii) follows from (4.1.c), and (i) from Lemma 4.1.2.

To prove (iii), let 2 be a point of codimension one in X, u a generator of £,, and v
a generator of M . Then

s@t=((s/u) u)® ((t/v) v) = (s/u) - (t/v) - u®v,
and therefore
ord (s ® 1) = ordy (s ® 1)/ (1 © v))
= ord, ((s/u) - (¢/0))
= ord,(s/u) + ord,(t/v)
= ordg (s) + orda,z(t),
and (iii) follows.
(iv) may be proved simarly, but in fact follows from (i), (ii), (iii). O
Let f: Y — X be a dominant morphism between integral varieties, and £ an invert-

ible Ox-module. Let £ and 71 be the respective generic points of ¥ and X. There is a
canonical identification
Ly @p(x) k(Y) = (f"L)e.
Let s a regular meromorphic section of £. Then s®1 corresponds to a regular meromorphic
section f*s of f*L.
When £ = Oy, the regular meromorphic section s corresponds to an element ¢ €
kE(X)*. Then the regular meromorphic section f*s corresponds to f*¢ € k(Y)*.
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LEMMA 4.1.6. Let f: Y — X be a proper surjective morphism between integral vari-
eties, L an invertible Ox-module, and s a reqular meromorphic section of L. Then, using
Definition 1.2.3,

feodivpg(f*s) = deg(Y/X) - dive(s) € Z(X),

PROOF. The question is local on X, and we may assume given an isomorphism £ —
Ox. Then the result follows Lemma 4.1.5, (i), (ii) and Corollary 3.2.2. O

LEMMA 4.1.7. Let f: Y — X be a flat morphism having a relative dimension, and L
an invertible O x -module. Assume that X is integral, and let s be a reqular meromorphic
section of L. Then

frodive(s) =Y midivec(fs) € Z(Y),

where m; = l(Oyy,;) are the multiplicities of the irreducible components of Y; of Y, and
fi: Y; = X the restrictions of f.

PROOF. The question is local on X, and we may assume given an isomorphism £ —
Ox. Then the result follows Lemma 4.1.5 (i) (ii) and Lemma 2.2.1. O

2. The first Chern class

Let now X be a (possibly nonintegral) variety, and let £ be an invertible O x-module.
Assume that V' is an integral closed subscheme of X, and choose a regular meromorphic
section s of L|y. The class of divz, (s) € CH(X) does not depend on the choice of s by
Lemma 4.1.5 (iv). We obtain a group homomorphism

c1(L): Z4(X) = CHe_1(X).

PROPOSITION 4.2.1. Let L, M be invertible O x-modules. Then
(i) If L ~ M, then ¢1(L) = c1(M).
(1) We have ¢1(L @ M) = ¢1(L) + ¢1(M).
(ii) We have ¢1(Ox) = 0.
PRroOF. This follows from Lemma 4.1.5. O

PROPOSITION 4.2.2. Let f: Y — X be a proper morphism, and L an invertible Ox -
module. Then
feoa(f*L)=c1(L)o fu: Z(Y) — CH(X).

PROOF. The statement is true when f is closed embedding by construction of ¢;(L).
Thus it will suffice to prove that
feoar(fFL)[Y] = ci(£) o fu[Y]

when f is surjective, and Y and X are integral. Since f.[Y] = deg(Y/X) - [X], the state-
ment follows by choosing a regular meromorphic section s of £, and applying Lemma 4.1.6.
O

PRrROPOSITION 4.2.3. Let f: Y — X be a flat morphism having a relative dimension,
and L be an invertible Ox-module. Then

ffoa(l)=c(f*L)o f: Z(X)— CH(Y).
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ProoF. By Proposition 1.5.9, it will suffice to prove that
[rea(L)[X]=a(f L)Y] e CHY)

under the additional assumption that X is integral. After choosing a regular meromorphic
section s of L, this follows from Lemma 4.1.7. O

3. Effective Cartier divisors II

Let X be a variety and D — X an effective Cartier divisor. We denote by O(D)
the invertible Ox-module (Zp)V, defined as the dual of the ideal defining D in X. The
natural morphism Zp — Ox is then a global section 1p of the Ox-module O(D). If X
is integral, the section 1p is nonzero at the generic point of X, and we may view 1p as
a regular meromorphic section of O(D).

If f: Y — X is a morphism such that f~1D — Y is an effective Cartier divisor, then
f*O(D) = O(f~'D). To see this, note that the image Z;-1p of the morphism f*Zp —
Oy is an invertible Oy-module, and so is its source. This morphism is injective, since a
surjection between locally free modules of the same rank is necessarily an isomorphism.

This is so in particular when f: Y — X is a dominant morphism between integral
varieties. In this case, we have defined the pull-back f*1p, and we have 1;-1p = f*(1p)
as regular meromorphic sections of O(f~1D) = f*O(D).

LEMMA 4.3.1. Let X be an integral variety and D — X an effective Cartier divisor.
Then

divo(p)(1p) = [D] € Z(X),

PROOF. Let = be a point of codimension one in X, and a a generator of the Ox -
module Zp ;. The effective Cartier divisor D is defined at the point z by the image
b= 1p(a) of a under the morphism 1p: Zp — Ox. The coefficient of [D] € Z(X) at z is

Z(OX@/bOX’w) = Ol“dm(b)

On the other hand, the element b € Ox , is also the image of 1 p®a under the isomorphism
O(D)®ZIp — Ox. Thus, using Lemma 4.1.5 (i) (iii), we have in Z(X)

ord(b) = ordo(pyezp,2(1p ® a) = ordo(py,.(1p) + ordz, . (a).

Since ordz,, ,(a) = ord,(a/a) = 0, the statement is proved. O

PROPOSITION 4.3.2. Let f: Y — X be a proper surjective morphism between integral
varieties, and D — X an effective Cartier divisor. Then

ff7ID) = deg(Y/X) - [D] € Z(D).

PrOOF. It suffices to prove the equality in Z(X). We have

flf7'D] = foodivo(s-1py(15-1p) by Lemma 4.3.1
= feodivi-opy(f*1p)
= deg(Y/X) - divop)(1p) by Lemma 4.1.6

=deg(Y/X) - [D] by Lemma 4.3.1 . O
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4. Intersecting with effective Cartier divisors

The support |af of a cycle a € Z(X) is the union of the integral closed subschemes
V of X such that the coefficient of v at V' is non-zero. This is a closed subset of X, since
there are only finitely many such V’s.

DEFINITION 4.4.1. Let D — X be an effective Cartier divisor. Let V' an integral
closed subscheme of X of dimension n. If V¢ D, the closed embedding DNV — V is
an effective Cartier divisor, hence D NV has pure dimension n — 1, and we let

D -[Vl=[DnV]eCH,_1(DNV).
If V C D, then we let
D [V] = a(O(D))[V] € CH,_1(V) = CH, (DN V).

Now for an arbitrary cycle

a=> my[V] € Z,(X)
|4

where V runs over integral closed subschemes of X of dimension n, and my € Z (nonzero
for only finitely many V’s), we define

D-a=> myD-[V]€CH, 1(Dn]al).
v

In order to improve readability, we will often omit to mention the push-forwards along
closed embeddings.

LEMMA 4.4.2. Let D — X be an effective Cartier divisor. If X is equidimensional,
then

D - [X]=[D] € CH(D).
ProoOF. This is a reformulation of Proposition 1.3.5. g

LEMMA 4.4.3. Let D — X be an effective Cartier divisor, and o € Z(X). Then
c1(O(D)|ja))(@) = D - o € CH([af).

PROOF. We may assume that o = [V] for an integral closed subscheme V of X. If
V' C D, then the statement is true by Definition 4.4.1. If V' ¢ D, then VN D — V is an
effective Cartier divisor, and the statement follows from Lemma 4.3.1 and the definition
of the first Chern class of a line bundle. d

PROPOSITION 4.4.4. Let f: Y — X be a proper morphism and D — X an effective
Cartier divisor. Let a € Z(Y). Denote by h: (f~*D)N|al — DN f(|a|) the induced
morphism. If f~'D — Y is an effective Cartier divisor, then

ho((f7'D)- @) = D- fea € CH(D N f(|al]).

ProoF. It will suffice to consider the case when o = [W], for W an integral closed
subscheme of Y. Let V = f(W). If W C f~!D, then by Proposition 4.2.2, we have in
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CH(V)=CH(DNV),
he((f71D) - [W]) = by 0 1 (O(f 71 D) w) W]
— hy o e ((O(D))) W]
=¢1(O(D)|v) o hy[W] by Proposition 4.2.2
=D - h,[W] by Lemma 4.4.3.
IfW ¢ f~'D, then V ¢ D, and we have in CH(D NV)
he((f71D) - [W]) = hu[(f 7' D) N W]
= h[f7H(DNV)]
=deg(W/V)[DNV] by Proposition 4.3.2
= D - (deg(W/V)[V])
=D - h,W]. O
ProOPOSITION 4.4.5. Let f: Y — X be a flat morphism having a relative dimension.

Let D — X be an effective Cartier divisor, and o € Z(X). Denote by h: f~1(DN|al) —
D N |a| the induced morphism. Then

h*(D-a)=(f'D)- ffa € CH(f (DN |al)).
PROOF. It will suffice to consider the case when o = [V], for V an integral closed

subscheme of X. Let W = f~'V. If V C D, then by Proposition 4.2.3, we have in
CH(W) = CH(f~1(DNV)),
h*(D - [V]) = h* o ci(O(D))[V]
=c1(h*O(D)) o h*[V]
= c1(h"O(D))[W]
c1(O(f7D))[W]
= (f7'D) - [W].
the last equality holding because W C f~'D.
If V ¢ D, then DNV — V is an effective Cartier divisor. Since f is flat (f~'D)NW —

W is again an effective Cartier divisor (Proposition 1.3.2). We have in CH(f~'DNW) =
CH(f~Y(DnV)

h*(D-[V])=h*"[DNV] since V.¢ D
=Y (DNV)] by Lemma 1.5.6
=[(f7'D)n W]
=(f"'D)-[W] by Lemma 4.4.2
=

f7ID) - fHV]. =
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CHAPTER 5

Commutativity of divisor classes

1. Herbrand quotients II

DEFINITION 5.1.1. Let A be a (commutative noetherian) ring, M a finitely generated
A-module, and a,b € A. Assume that abM = 0. If the A-modules M{a}/bM and
M{b}/aM have finite length (recall that M{a} denotes the a-torsion submodule of M),
we define the integer

ea(M,a,b) =ls(M{a}/bM) — la(M{b}/aM).
Otherwise, we set e4 (M, a,b) = oo.

Observe that if e4 (M, a,b) < oo,

e es(M,a,b) = —es(M,b,a).
e If a =0, then eq(M,a,b) = es(M,b) (see Definition 1.4.2).

LEMMA 5.1.2. If the A-module M has finite length, then es(M,a,b) = 0.
PROOF. We have an exact sequence of A-modules of finite length
0 — M{a}/bM — M/bM % M{b} — M{b}/aM — 0,
hence e4(M, a,b) = e4(M,b), which vanishes by Lemma 1.4.3. O
LEMMA 5.1.3. Consider an exact sequence of finitely generated A-modules
0—>M —-M— M —0.

such that abM = 0. If two if the three es(M,a,b),es(M’ a,b),ea(M",a,b) are finite,
then so is the third, and

ea(M,a,b) =ea(M' a,b) +ea(M",a,b).

PRrROOF. If N is an A-module such that abN = 0, then multiplication with b induces
an exact sequence of A-modules

0 — N{b}/aN — N/aN — N{a} — N{a}/bN — 0.
By the snake lemma, we obtain an exact sequence of A-modules
M'{a}/bM' — M{a}/bM % M"{a}/bM" — M'{b}/aM’ % M{b}/aM — M"{b}/aM"

and in particular keru ~ cokerv. Exchanging the roles of a and b, we obtain an exact
sequence of A-modules

M'{b}/aM’ = M{b}/aM — M"{b}/aM" — M'{a}/bM' — M{a}/bM % M"{a}/bM".
The statements follow. O
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LEMMA 5.14. Let M — N be a morphism of finitely generated A-modules whose
kernel and cokernel have finite length. If abM = 0 and abN = 0, then

ea(M,a,b) =ea(N,a,b).
PROOF. Letting I be the image of M — N, we have exact sequences
0-K—-M-—->1—0

0—-I—-N—=-C—0

where K and C have finite length. Thus the statement follows from Lemma 5.1.3 and
Lemma 5.1.2. g

LEMMA 5.1.5. Let M be a finitely generated A-module and a,b € A such that abM =
0. Let ¢ € A be such that M/cM has finite length. Then

ea(M,ca,b) =ea(M,a,b) —ea(aM,c).

PROOF. Let N C M be the submodule consisting of those m such that ¢‘m = 0 for
some ¢ € N. Then (M/N){c} = 0, so that the module N/cN is a submodule of M/cM,
hence has finite length. Its quotient ¢!N/c**1 N thus has finite length. Since N is finitely
generated, there is j such that ¢/ N = 0. Using the exact sequences for i = 0,--- , j

0= N = TIN = c’N/c”'lN -0

we conclude that N has finite length, hence e (N, a,b) = 0 by Lemma 5.1.2. Thus by
Lemma 5.1.3, we have es(M,a,b) = ea(M/N,a,b) and es(M,ca,b) = ea(M/N,ca,b).
The kernel of the surjective morphism M — a(M/N) induced by multiplication with
a is a submodule of N, hence has finite length as A-module. Using Lemma 1.4.3 and
Lemma 1.4.4, we deduce that e4(aM,c) = ea(a(M/N),c). Thus we may replace M with
M/N, and therefore assume that M{c} = 0. We have an exact sequence of A-modules

0 — aM/acM — M{b}/acM — M{b}/aM — 0.

Now since M{c} = 0, we have M{ac}/bM = M{a}/bM, and using the above exact
sequence it follows that e4 (M, ca,b) < oo if and only if e4 (M, a,b) < co. In this case,

ea(M,ac,b) =la(M{ac}/bM) — l4(M{b}/acM)
=la(M{a}/bM) — lo(M{b}/acM) since M{c} =0
=1a(M{a}/bM) —l4(M{b}/aM) — la(aM/acM)
=ea(M,a,b) —es(aM,c),
since (aM){c} C M{c} =0. O
LEMMA 5.1.6. Let x € A and M a finitely generated A-module such that "M = 0.
Then for any ¢ =0,--- ,n, we have
ea(M,z" 2""%) € {0,00}.
PROOF. We prove the statement for all modules M by induction on n. If n = 0,
then M = 0, and the statement is true. Assume that n > 0. By antisymmetry, we may

assume that 2¢ < n. The statement is clear if ¢ = 0 or if 20 = n. Thus we assume
that eq (M, 2", 2"") # oo with 0 < i < n/2, and prove that e4(M,z", 2" ") = 0. For
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j=0,---,n,let M; = M{z7}. Observing that M,,_o; N 2'M = z'M,,_; and 2" "M =
"2 (M) C "% M,,_; yields an exact sequence of A-modules
. . gn—2i . .
0 — My _o; /2" My _; — My, _;/2" M Z—ns M /2™ "M — M;/x" % M,_; — 0.
Since M; = M,,_;{z*} and M,,_o; = M,,_;{z" 2%}, additivity of the length function yields
ea(M,zt, 2" ") = es(M,_;, z*, 2*" ") € Z.

Appying the induction hypothesis to the module M,, _; which satisfies x n_i =0, we
see that this integer vanishes. O

2. The tame symbol

Let A be a discrete valuation ring, with quotient field K and residue field k. For any
a,b e K*, the element

(_l)ordA(a)-ordA(b) . aordA(b) b ord a (a) e K*
belongs to A* (its valuation is zero). We define an element of k* as
8A(a7b) _ (71)ordA(a)-ordA(b) . aordA(b) b ord a (a) mod m 4.

Observe that:

e The map 04: K* x K* — k* is bilinear and antisymmetric.
o If a € AX, then d4(a,b) = a®d4®),
o Ifa, b€ A*, then 04(a,b) = 1.

THEOREM 5.2.1. Let A be an integrally closed local domain of dimension two, with
quotient field K. Let a,b € K*. Then

ZordA/p 00a,(a,b) =0
p

where p runs over the height one primes of A.

This theorem will be proved after a series of lemmas. By bilinearity of d4, and
linearity of ord 4y, it will suffice to prove the theorem under the assumption that a,b €
A—{0}. Let B = A/abA. When p is a prime of height one in A, we consider the A-module

B(p) = im(B — By).

LEMMA 5.2.2. Let p,q be primes of height one in A. Then

_J 0 da#p
B ={ g 420

PROOF. By exactness of the localisation at q, the Ag-module B(p), is the image of
the natural morphism By, — (Bp)y. This morphism is an isomorphism when p = q, and
zero when p ¢ q. O

LEMMA 5.2.3. Let p be a prime of height one in A and ¢ € A—p. Then the A-module
B(p)/cB(p) has finite length.
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PrOOF. For any prime q of height one in A, we have, in view of Lemma 5.2.2

(B)/BE)y = BB = { 5 ) HIP

Multiplication with ¢ € A—p is an isomorphism on the A,-module By, hence By /cB,, = 0.
This proves that the A-module M/cM has support contained in {m 4}, hence finite length
(being finitely generated). O

LEMMA 5.2.4. There are only finitely many primes p of height one in A such that
B(p) # 0.

PROOF. There are only finitely many primes p of height one in A such that B, # 0:
they correspond to the irreducible components of the effective Cartier divisor defined by
the ideal abA in Spec A (or equivalently to those points x of codimension one in Spec A
such that ord,(ab) # 0). Thus the statement follows from Lemma 5.2.2. O

LEMMA 5.2.5. The kernel and cokernel of the morphism of A-modules

B — P B(»)
p

have finite length, where p runs over the height one primes of A.

PRrROOF. The localisation of this morphism at every prime of height one in A is an
isomorphism by Lemma 5.2.2. Thus the support of its kernel, resp. cokernel, contains no
such prime, which means that it is contained in {m4}. It is also finitely generated by
Lemma 5.2.4, hence has finite length. O

LEMMA 5.2.6. Let p be a prime of height one in A, and ¢ € A—p. Then the A-module
aB(p)/caB(p) has finite length, and

ea(aB(p),c) = orda, (b) ord4/,(c).

PRrROOF. The A-module B(p)/cB(p) has finite length by Lemma 5.2.3, hence the same
is true for its quotient aB(p)/caB(p). We have

ealaB(p),c) = Z la,(@B(p)q) - 1a(A/(q + cA)) by Proposition 1.4.5
height q=1

=la,(aByp) - la(A/(p + cA)) by Lemma 5.2.2
= ZAP (aBp) . OI‘dA/p(C)
Since a is a nonzero element of the domain Ay, we have isomorphisms of Ay-modules
Ay /bA, ~ aAy/abA, ~ aBy,
hence 4, (aBy) = [(A,/bAy) = ordy, (b). O
PROPOSITION 5.2.7. Let p be a prime of height one in A. We have
—ordyyp 094, (a,b) = ea(B(p),a,b).

PRrROOF. We first claim that e4(B(p), a,b) < co. Indeed for any prime ¢ of height one
in A, we have by Lemma 5.2.2

COIGTETINES (RN Sia
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But B, = A,/abA, and a is a nonzero element of the domain A,. Thus an element
x € A, satisfies ax € abA, if and only if € bA,. This proves that B,{a}/bB, = 0,
so that the A-module B(p){a}/bB(p) has finite length. Of course, the same is true for
B(p){b}/aB(p), which proves our claim.
Let e = orda,(a) and f = orda, (b). Let c € A—p and o' = ca, B’ = A/a’bA and
B'(p) = im(B" — By). Then using the elementary properties of the tame symbol 9
—ord sy 004, (a',b) = —ordayy (94, (a,b)04, (c, b))
= —ordyp (04, (a, b)cf)
= —ordyp 004, (a,b) — fordap(c).
Let I be the kernel of the natural surjective morphism B’ — B. Then ¢l = 0. Since
¢ € A —p, this implies that (B’), — B, is an isomorphism, hence so is B’(p) — B(p).
Therefore
ea(B'(p),d',b) = ea(B(p),d’,b)
=ea(B(p),a,b) —ea(aB(p),c) by Lemma 5.2.3 and Lemma 5.1.5
=ea(B(p),a,b) — fordy/y(c) by Lemma 5.2.6.
Thus while proving the lemma, we may multiply a with an element of A —p. By an-
tisymmetry we may also multiply b by such an element. Choose a uniformiser m € A,.

Upon multiplying and dividing by elements of A — p, we may assume that = € A, and
that @ = 7°,b = /. Now we compute using Lemma 5.1.6

€A(B(p), a, b) = eA(B(p)a 7767 Trf) =0.
On the other hand, using the definition of the tame symbol,
—ordy/p004(a,b) = —ordyy, 004 (n®, wl) = ordA/p((—l)ef) =0.

This concludes the proof of the proposition. O
PROOF OF THEOREM 5.2.1. We now can combine these lemmas:
ea(B,a,b) = eA( @ B(p),a,b) by 5.2.5 and 5.1.4
height p=1
= Z ea(B(p),a,b) by 5.1.3
height p=1
=— Z ord 4/, 004, (a,b) by 5.2.7 .
height p=1

To conclude the proof observe that e4 (B, a,b) = 0. Indeed, since a, b are nonzero elements
of the domain A, it follows that

B{a} =bB and B{b}=aB. O

3. Commutativity

THEOREM 5.3.1. Let X be an integral variety of dimension n.

(i) Let L, M be invertible Ox-modules and s, resp. t, a reqular meromorphic section of
L, resp. M. Then

c1(L) odiva(t) = c1(M) o dive(s) € CH,—2(X).
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(ii) Let M be an invertible Ox-module and t a reqular meromorphic section of M. Let
D — X be an effective Cartier divisor. Then

D - divpa(t) = c1(M|p)[D] € CH,,_2(D).
(iii) Let D — X and E — X be effective Cartier divisors. Then
D-[E]=E-[D]e€ CH,_2(DNE).

PROOF. Let us first prove (i). The normalisation 7: X’ — X is a finite birational
morphism. By Proposition 4.2.2 and Lemma 4.1.6, we have

7y 0 €1 (" L) o div g (n*t) = ¢1(L) o 7y 0 div g (77¢) = 1 (L) o divag(2),
7 0 c1(m* M) odive(m*s) = 1 (M) oy o dive (m*s) = ¢ (M) o dive(s).
Thus we may replace X with X', and assume that X is normal.
Let 21,--- ,x, be the points of codimension one in X such that ordg 5, (s) # 0 or

ord a4, (t) # 0. For each ¢ = 1,--- ,p, let V; be the closure of x;, A; = Ox ,,, and let s;,
resp. t;, be a generator of the A;-module £,,, resp. M,,. Then, in CH(V})

a(O)[Vil =divgy, (si)  and  er(M)[V] = divag,, ().
Write f; = s/s; and g; = t/t; in k(X)* so that

ords 4, (s) = ord,, (f;) and  orda g, (t) = ordy, (g:).
We now prove that, in Z,,_5(X)

P
(5.3.d) > ordy, (g:) divey,, (si) — ordy, (£;) divagy,, ( Zdw 0da, (fi, 9i)-

i=1 i=1
To do so, we compare the coefficients at a point y € X of codimension two. Let A = Ox
and p; € Spec A the primes corresponding to x;, for ¢ = 1,--- ,p. Let o, resp. 7, be a
generator of the Ox ,-module £, resp. My, and f = s/o € k(X)*, resp. g = t/7 €
kE(X)*. Let p be a prime of height one in A corresponding to a point z € X. Then
o, resp. T, is a generator of the Ap-module L, resp. M, hence ord, ,(s) = orda, (f),
resp. orday.(s) = orda,(g). These integer vanish unless p € {p1,---,pp}. Then by
Theorem 5.2.1, we have

0= Y orda00a,(f,9) ZOYdA/p 004, (f,9)

height p=1 i=1

Let now a;,b; € (A;)* be such that a;s; = ¢ and bit; = 7. Then f = a; ' f; € k(X)*
and g = b, 'g; € k(X)*. Thus

0= ord 4 /p, 004, (a;lfi7 b;lgi)

'M"@

@
Il
-

—ordy, ordg, (f4
OrdA/PL (aA (f27gz) . ( 2 - b. l(f))

3

I
.

(=
L

=l

= Z ord 4/p, 004, (fi, gi) — orda(a;) ordy, (g;) + orda(b;) ordg, (f;)

=1
To obtain (5.3.d), observe that the coefficients at y of divzy,, (s;) and divaq,, (t;) are
respectively ord 4 /p, (a;) and ord 4y, (b;). This proves (i).
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Let us now prove (ii). One reduces as above to the case when X is normal using
additionally Proposition 4.3.2 and Proposition 4.4.4. We then set £ = O(D) and s = 1p,
and proceed as above with the following difference: when i € {1,--- ,p} is such that z; &
D, we choose s; = 1pny,. This ensures that f; = 1 for such ¢, so that divoda,(fi,g;) = 0.
Thus the right hand side of (5.3.d) actually lies in R(D). The class in CH(D) of the left
hand side is

D - divaq(t) — e (M)[D)],
and (ii) follows.

The proof of (iii) is similar. We may as above assume that X is normal. We set
L =0(D),s =1p and M = O(E),t = 1g. When z; € D, resp. z; ¢ E, we choose
s; = lpnv;, resp. t; = 1gny,. Then when z; € D N E we have either f; =1 or g; = 1, so
that 04, (fi,9:) = 1, and divoda,(fi, g;) = 0. Thus the right hand side of (5.3.d) lies in
R(D N E), while the class of the left hand side is

D-[E] - E-[D],
proving (iii). O

COROLLARY 5.3.2. Let X be a variety and L an invertible O x -module. Then we have
a(L)R(X) C R(X), which gives a morphism
c1(L£): CHe(X) — CHe_1(X).

PROOF. Let V be an integral closed subscheme of X, and ¢ € k(V)*. Let s be a
regular meromorphic section of L|y,. We view ¢ as a regular meromorphic section of Oy,
and apply Theorem 5.3.1 (i). We obtain, in CH(V)

c1(L) odivy = ¢1(Ox) odive(s)
which vanishes by Proposition 4.2.1 (iii). O
COROLLARY 5.3.3. Let X be a variety and L, M an invertible Ox -modules. Then
c1(L)yocg(M) =c1(M)oci(L): CHe(X) — CHe_o(X)

PROOF. We may assume that X is integral and prove that the two morphisms have
the same effect on the class [X]. Choose a regular meromorphic section s of £, resp. t of
M. Then we have in CH(X) by Theorem 5.3.1 (i):

c1(L)ocr(M)[X] = c1(L) odivay(t) = c1 (M) odive(s) = e1 (M) o e (L£)[X]. O

4. The Gysin map for divisors

DEFINITION 5.4.1. Let i: D — X be an effective Cartier divisor. We define a group
homomorphism
i*: Z4X) — CH,_1(D)
« — D-a.

COROLLARY 5.4.2 (of Theorem 5.3.1). We have i* R(X) C R(D).

PROOF. Let V be an integral closed subscheme of X, and ¢ € k(V)*. If V C D,
then by definition

" odivy = ¢1(O(D)) odive € CH(D),
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which vanishes by Corollary 5.3.2. If V' ¢ D, then by Theorem 5.3.1 (ii) applied to the
variety V
D -divy = ¢1(Op)[D] € CH(D)
which vanishes by Proposition 4.2.1 (iii). O
DEFINITION 5.4.3. The induced morphism i*: CHq(X) — CHq_1(D) is called the
Gysin map.

LEMMA 5.4.4. Leti: D — X be an effective Cartier divisor. Then
(i) i* oix = 1 (O(D)|p): CH(D) — CH(D).
(ii) i 01" = 1 (O(D)): CH(X) — CH(X).

PROOF. The first statement follows from Definition 4.4.1, and the second from Lemma 4.4.3.
O

LEMMA 5.4.5. Leti: D — X be an effective Cartier divisor. If X is equidimensional,
then i*[X] = [D].

PROOF. This is a reformulation of Lemma 4.4.2. O

PROPOSITION 5.4.6. Consider a cartesian square
E-—l.y
gl lf
D—sX
Assume that i and j are both effective Cartier divisors.
(i) If f is proper, then
i*o fi=g.07": CH(Y)— CH(D).
(ii) If f is flat and has a relative dimension, then
ffoi*=j"0g": CH(X)— CH(E).
ProoOF. This follows from Proposition 4.4.4 and Proposition 4.4.5. g
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CHAPTER 6

Chow groups of bundles

1. Vector bundles, projective bundles

In this section X is a variety.

Vector bundles. Let £ be a locally free Ox-module of rank r. We consider the
graded O x-algebra
S(€) = Symp, (£)
whose component of degree n is the n-th symmetric power of the dual £¥ = Hom(&, Ox)
of £. Then S(€) is quasi-coherent as an Ox-module, and finitely generated as an Ox-
algebra. The vector bundle associated with £ is the variety

V(&) = Specy S(E).

The morphism V(£) — X is affine and flat of relative dimension r. The rank of V()
is 7. The morphism of Ox-algebras Ox — S(€) has a section, which induces a closed
immersion X — V(&) called the zero section. When € is free, then V(£) >~ A%. A vector
bundle of rank one will be called a line bundle. Note that £ can be recovered as the sheaf
of sections of the morphism V(£) — X. A morphism of locally free Ox-modules &€ — F
induces a morphism V(€) — V(F) of schemes over X, giving an equivalence between the
categories of locally free modules and vector bundles. This will allows us to talk about

exact sequences of vector bundles for instance. We will write 0 for the vector bundle
V(0) = X, and 1 for V(Ox) = X x Al

Projective bundles. Let £ be a locally free Ox-module of rank r, and E = V().
The projective bundle associated with € (or E) is the variety

P(&) = P(E) = Projx S(€),

together with a morphism p: P(£) — X. The variety P(€) is equipped with an invertible
module O(1), corresponding to the graded Ox-module S(€)(1), whose component of

degree n is Symg;1 (£Y). Observe that the natural morphisms

gY@ Symp (£Y) — Sym H(EY)
induce a surjection p*€Y — O(1). In other words, we may view O(—1) as a sub-bundle
of p*&.

When & = 0, then P(§) = @. When r = 1, the morphism p: P(§) — X is an
isomorphism; in addition the surjection p*€Y — O(1) has invertible modules as source
and target, hence is an isomorphism. If » > 0, the morphism P(£) — X is proper, and
flat of relative dimension r — 1 (but has no canonical section). A injective morphism

E — F of locally free Ox-modules induces a surjection S(F) — S(€) of Ox-algebras,
and therefore a closed immersion P(€) — P(F) of schemes over X.
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When E = V() is a vector bundle, we denote by E @1 the vector bundle V(€ ® Ox).
The morphism £ C £ @& Ox induces a closed immersion P(E) — P(E @& 1) (over X).
We claim that the complement is the open immersion £ — P(E @ 1) (over X). In-
deed S(€ @ 1) = S(E)[t] for a global section ¢ of degree one, and the closed immersion
P(E) — P(E @ 1) is the effective Cartier divisor corresponding to the graded ideal gener-
ated by . Its open complement is the relative spectrum over X of the algebra S(€)[t]4),
consisting of degree one elements in the algebra S(€)[t] with powers of ¢ inverted. But
the Ox-algebra S(&)[t](;) is isomorphic to S(£), as required.

Consider an exact sequence of locally free O x-modules

O=F—=EE—=-L—=0

where £ has rank one. Let p: P(£) — X be the morphism. Then we have an exact
sequence of O x-modules

0— LY oy Sym%}l(é’v) — Symg (&Y) — Symg (FY) =0

(the exactness may be checked locally, where £ = £ @ F). Thus LY(—1) ®o, S() a
graded ideal of S(€), and the corresponding closed subscheme is the effective Cartier
divisor P(F) — P(€) whose invertible module O(P(F)) is isomorphic to (p*L£)(1).

2. Segre classes

DEFINITION 6.2.1. Let E be a vector bundle of rank r on a variety X, and write
p: P(E® 1) — X for the projective bundle. For i € Z, we define the i-the Segre class

5i(E) = ps 0 c1(0(1)) T 0 p*: CHe(X) — CH,_;(X).

Here we have used the convention that ¢;(O(1))" = 0 for n < 0. Observe that s;(E) =0
when ¢ € {—r,--- ,dim X}. We will write

s(E) =Y si(E).
i€l
LEMMA 6.2.2. We have s(0) = id.

PrOOF. Indeed when E = 0, then the projection P(E @& 1) — X is an isomorphism
and the line bundle O(1) is trivial. O

ProprosITION 6.2.3. Let f: Y — X be a morphism of varieties, and E a vector
bundle on X.

(i) If f is proper, then

s(E)o fu = feos(f*E): CH(Y) —» CH(X).
(ii) If f is flat and has a relative dimension, then

s(f*E)o f* = f* o s(E): CH(X) — CH(Y).

PrROOF. Consider the cartesian square

P(ffE®1) —=PE®1)

li

Yy — — >
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We have ¢g*O(1) = O(1). Let r be the rank of E.
(i): If f is proper then so is g, and we have, for any ¢

si(E) o f. =p. o e (O(1) o p* o f,

=p.oci(0(1) T og,0q* by Proposition 1.5.9
=p.og.oc(O1)  og by Proposition 4.2.2
= fioq.oci(O(1)) T og* by Lemma 1.2.6

= frosi(f*E).

(ii): If f is flat and has a relative dimension, then the same is true for g, and we have,
for any ¢

si(f*E)o f*=p.oci(O(1) " opo f*
=p. 0 (0(1)) o g*oq* by Proposition 1.5.8
=p.ogtoci(0O1) T og* by Proposition 4.2.3
= f*oq.oci(O(1) T og* by Proposition 1.5.9
= f"os;(E). O

LEMMA 6.2.4. Let E — X be a vector bundle. Then s;(E) =0 fori <0.

PROOF. Let v: V. — X be the closed immersion of an integral closed subscheme.
By Proposition 6.2.3 (i), we have s(E)[V] = v, o s(E|y)[V]. But s(E|y)[V] belongs to
CHgim v—i(V), a group which vanishes when ¢ < 0. O

LEMMA 6.2.5. Let E and F' be two tsomorphic vector bundles over X. Then

PROOF. Let r be the rank of E and F, and p: P(E® 1) - X and ¢: P(F & 1) - X
the projective bundles. We have an isomorphism ¢: P(E @ 1) — P(F @ 1) such that
©*O(1) = O(1) and g o p = p. In particular ¢, o ¢* = id, and we have for any i

si(E) = p.oc1(0(1)) ™+ op”

= (4 04 O 01(0(1))T+i op*oq” by (1.2.6), (1.5.8)

=g.op. 09 oc(0O1) T oqg by (4.2.3)

=g 0c1(0(1)*og"

= Si(F). D

PROPOSITION 6.2.6. Let E and F' be two vector bundles on X. Then for any i,j
si(E) 0 5;(F) = ;(F) o 5:(E).

ProoF. Consider the cartesian square

’

q

Q P(E@®1)
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Let 7, resp. s, be the rank of F, resp. F. Then
Sz(E) o SJ<F) =procy (O(l))r-l—i op*og.oc (O(l))s+j oq*

=p.ocr(O(1) ™ og, op™oci(0(1)*H og y (1.5.9)
=p,0q. o cl(q'*O(l))H'i oc1(p™*O( 1))9'” by (4.2.2), (4.2.3)
=p.ogioci(pO(1)H oci(¢*O(1) Hp™ y (5.3.3)
= q.oploc(pO(1) ocr(¢"O(1) o g y (1.2.6), (1.5.8)
=g.oci(prO(1)*H opl og™ oer(¢*O(1 ))“” op* by (4.2.2), (4.2.3)
=g, 0 cl(p/*(’)(l))3+j op*ogq,o cl(q’*O(l))H‘i op* y (1.5.9)

= 5;(F) 0 54(E). O

LEMMA 6.2.7. Let E be a vector bundle over X. Denote by j: P(E) = P(E @ 1) be
the induced closed immersion, and consider the projective bundles p: P(E @ 1) — X and
g=poj: P(E)— X. Then, for any n > 0, we have

Jroci(O(1))" 0 g = c1(O(1))" o p™.

PRrROOF. Let V be an integral closed subscheme of X. Then the closed immersions
P(E|ly) — P(E) and P(E @ 1|y) — P(E @ 1) are compatible with the line bundles O(1).
Replacing X by V, it will suffice to prove that

Je 0 crl(O()"[P(E)] = e1(O(1)" T P(E & 1)].

The closed immersion P(E) — P(E & 1) is an effective Cartier divisor whose line bundle
O(P(E)) is isomorphic to O(1). Since j*O(1) = O(1), it follows from Proposition 4.2.2
that . 0 c1(O(1)"[B(B)] = e1(O(1)" @ 1. [(E)]. But 4.[B(E)] = e1(O(1)[P(E & 1)] by
Lemma 4.3.1. O

LEMMA 6.2.8. Let E — X be a vector bundle of rank r.
(i) Let q: P(E) — X be the projective bundle. If r > 0, then
5:(E) = g 0.1 (O(1) i o .
(i) We have s(E @ 1) = s(E).
PROOF. Let p: P(E @ 1) — X be the projective bundle.
(i): We apply Lemma 6.2.7. Then we have, for any ¢ > 1 —r
5i(E) = ps 01 (O(1)) o p*
=peojuocr(O(1))Hog*
=qs0 cl((’)(l))r_“'i oq”.

This formula also holds in case i < 1 —r < 0, by Lemma 6.2.4.
(ii): Applying (i) to the bundle E @ 1, we have, for any 4

si(BE®1) = p. 0t (O(1) )71 0 p* = 5,(E). O

When L is an invertible Ox-module and L — X the corresponding line bundle, we
will write ¢1(L) for ¢1(L).

LEMMA 6.2.9. Let L — X be a line bundle. Then, for every i

si(L) = (~er(D))'.
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PROOF. The morphism ¢: P(L) — X is an isomorphism, and O(1) = ¢*£L", where £
is the Ox-module of sections of L. In particular ¢, o ¢* = id. We have, for any 1,

si(L) = gy 0 c1(O(1))* 0 ¢* by Lemma 6.2.8 (i)
—qoc(¢ L) ogt
=q.oq oci(LY) by Proposition 4.2.3
=q.oq" o(—c1 (L)) by Proposition 4.2.1 (ii), (iii)
= (~au(L))" O

LEMMA 6.2.10. Let E — X be a vector bundle. Then so(E) = id.

PROOF. When r = 0, then P(E & 1) — X is an isomorphism, and so(F) = id.
Assume that r > 0. By Proposition 6.2.3 (i), it will suffice to assume that X is integral,
and prove that so(F)[X] = [X]. As so(E)[X] belongs to CHgim x (X), the free abelian
group generated by [X], we may write sq(E)[X] = m[X] for some integer m. To prove
that m = 1, we may restrict to an open non-empty subscheme of X, and assume that
E = E'®1 for some vector bundle E' on X. Then the statement follows from Lemma 6.2.8
(ii) and induction on r. 0

PRroPOSITION 6.2.11. Let E — X be a vector bundle of rank r > 0, and consider the
projective bundle q: P(E) — X. Then the pull-back

q¢": CH(X) — CH(P(E))
s a split monomorphism.

PROOF. In view of Lemma 6.2.8 (i) and Lemma 6.2.10, the splitting is given by
g« 0 c1(O(1)) L. O

PROPOSITION 6.2.12. Consider an exact sequence of vector bundles on X
0—F—F—G—0.

Then we have
s(E)os(G) = s(F).

PROOF. Let 7 be the rank of F. First assume that G is a line bundle (so that in
particular r > 1). Let ¢: P(E® 1) — X and p: P(F® 1) — X be the projective bundles,
and j: P(E® 1) — P(F @ 1) the closed immersion. We claim that

(6.2.€) Jeoq" = (c1(O(1) + c1(p*G)) o p*.

To see this, it suffices to prove that the two morphisms have the same effect on the class
[V] of an integral closed subscheme V of X. To do so, we may assume that V = X. Since
j is an effective Cartier divisor whose invertible module O(P(EF & 1)) is isomorphic to
p*G(1) (where G is the Ox-module of sections of G), we have

Jeoq” [X] = Jx [P(E)]

=a(Pg()[P(F)] by (4.3
= (a2 (0(1)) + e1(p™9)) [P(F)] by (4.2.1) (i) (i)
= (a1 (0(1)) + 1 (p"G)) o p*[X],
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which proves the claim. Since j*O(1) = O(1), we have for any ¢ > 0

si(E) = g.oc1(0(1))" " og”

=peojuoc(O1)) o by (1.2.6)
=p.oc(0(1) o j.oq" by (4.2.2)
—p.0a(OM) o (a(OM) + 1 (’G)) op” by (6.20)
= 8;(F) + si—1(F) o c1(G) by (4.2.3).

This formula also holds for ¢ < 0 by Lemma 6.2.4. It follows that
s(E) = s(F) o (id +¢1(G)).
By Lemma 6.2.9, and since ¢1(G)™ = 0 for n > dim X, we have
(id+1(G)) 0 5(G) = (id +¢1(G) 0 3 (—er(G)) = id,
i€Z

and the statement follows in the case when G is a line bundle.

We prove the statement when G is arbitrary for all varieties X simultaneously, by
induction on r. If r = 0 the statement is true by Lemma 6.2.2, since £ = F = G = 0.
Assume that » > 0. If G = 0, then E and F are isomorphic, and the statement follows
from Lemma 6.2.2 and Lemma 6.2.5. Thus we may assume that G has rank > 0, and
let f: P(GY) — X be the projective bundle. Let L — P(G") be the line bundle whose
module of sections is O(1). Recalling that O(1) is canonically a quotient of p*GY, we
obtain exact sequences of vector bundles over P(G")

0—-H— f"G—-L—0

0->M-— f'F—-L—=0

0> fFE—-M-—H—0

By the induction hypothesis, since the rank of M is r — 1, we have
s(M) = s(f*E) o s(H)
and by the case of a line bundle treated above
s(f*G) =s(H)os(L) and s(f*F)=s(M)os(L).

It follows that

s(f*F) = s(f*E) o s(f*G).
Therefore, by Proposition 6.2.3 (ii)

[ros(F)=s(f"F)o " =s(fE)os(f*G)o f* = ["os(E)os(G).

We conclude using the injectivity of f*: CH(X) — CH(P(GY)) (Proposition 6.2.11), since
GV has the same rank as G, which is > 0. O
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3. Homotopy invariance and projective bundle theorem

PROPOSITION 6.3.1. Let v: E — X be a vector bundle. Then the pull-back
v*: CH(X) — CH(E)
18 surjective.

PROOF. — Case E = A! x X and v is the second projection : Let W be an integral
closed subscheme of Al x X, and V the closure of its image in X. To prove that [W] is
in the image of CH(X) — CH(A! x X), it will suffice to prove that [W] is in the image
of CH(V) — CH(A! x V), and we may therefore assume that W — X is dominant, and
that X is integral. Then dim W > dim X; if dim W = dim X +1, then W = A! x X, and
[W] = v*[X]. Thus we may assume that dim W = dim X. We write K = k(X) for the
function field of X. The generic fiber Wx = W x x Spec K is a closed subscheme of A,
hence is defined by a single polynomial p € K[t]. Since Wx # AL we have p # 0, and
thus Wx — A, is an effective Cartier divisor. Then by Lemma 2.1.5

[Wg] =divp € Z(Ak).

We may view p as a nonzero element ¢ € k(A! x X) = K(t). For any integral closed
subscheme Z of A' x X dominating X, the coefficient at [Z] of [W] —dive € Z(A! x X)
coincides with the coefficient at [Z x x Spec K| of [Wg] — divp € Z(Ak), which vanishes
by construction. Thus the cycle

(W] —dive € Z(A! x X)
lies in the subgroup Z(A! x Y), for some closed subscheme Y # X of X. Thus
[W] € im(CH(A* x Y) — CH(A! x X)).

In view of Proposition 1.5.9, we may conclude by noetherian induction, the statement
being clear when X = &.

— Case E = A" x X and v is the second projection : Then v may be decomposed as a
sequence of trivial line bundles, and the statement follows from the case considered above.

— General case : We can find a non-empty open subscheme U of X such that the
vector bundle E|y — U is trivial. Let Y be the closed complement of U, endowed
with the reduced scheme structure. Then by Proposition 2.3.1, Proposition 1.5.9 and
Proposition 1.5.8, we have a commutative diagram with exact rows

CH(E|y) — CH(E) — CH(E|y) —= 0

(vlv)*T v*T (vu)*T

CH(Y) — CH(X) CH(U) 0

Using noetherian induction, we may assume that (v|y)* is surjective. Since (v|y)* is
surjective by the case treated above, it follows from a diagram chase that v* is surjective.
O
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THEOREM 6.3.2 (Projective bundle Theorem). Let v: E — X be a vector bundle of
rank r, and q: P(E) — X the associated projective bundle. Then the morphism

Op: Te_alCH(X) — CH(P(E))
i=0
given by
r—1
(ag, -+ yar—1) = Y e1(O(1)) 0 ¢*(ai)
1s bijective. -

THEOREM 6.3.3 (Homotopy invariance). Let v: E — X be a vector bundle of rank r.
Then the pull-back

v*: CH(X) — CH(E)
18 bijective.
PROOF OF THEOREM 6.3.3 AND THEOREM 6.3.2. The case » = 0 being clear, we

assume that r > 0. Assume that 0g(ag, - ,a,—1) = 0, and let | be the largest integer
such that a; # 0, if it exists. Then we have in CH(X)

0= g« © 61(0(1))T717l o 9E(a07 T ,arfl)

l
= g ocr(01) T o g (n)
i=0

l
= sici(o) by (6.2.8) (i)
=0

= q by (6.2.4) and (6.2.10).

Thus an integer | as above does not exist, proving that 6z is injective.
Let j: P(E) — P(E @ 1) be the closed embedding, and u: E — P(E @ 1) its open
complement. By Lemma 6.2.7, we have

Jsobp(a, - ar_1) = 0pe1(0,a0, -+, 0r_1).

In addition, since O(1)|g = u*O(1) is the trivial line bundle, we have, by Proposition 4.2.3
and Proposition 4.2.1 (iii)

u*o0c1(O(1)) =c1(O1)|g)ou™ =0.
Thus we have a commutative diagram with exact rows

J

CH(P(E)) —Z> CH(P(E @ 1)) “—> CH(E) —= 0

M -

TQ_B CH(X) —— P CH(X) ——— CH(X) —0
1=0 3

where
a(a()v tee 7a7’71) - (OvaO7 e 7ar71) and b(a(h e 7a’r‘) = .
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Therefore Theorem 6.3.3 follows from Theorem 6.3.2. Moreover, using the surjectivity of
v* obtained in Proposition 6.3.1, we deduce from a diagram chase that

(6.3.1) O surjective = Opg surjective .

We now prove the surjectivity of 8g for all varieties X simultaneously, by induction
on the rank r. For a given r > 0 and X, we use noetherian induction. We can find a
non-empty open subscheme U of X such that the vector bundle E|y splits as E' ® 1, for a
vector bundle E’ on U. Let Y be the closed complement of U, endowed with the reduced
scheme structure. Then by Proposition 2.3.1, Proposition 1.5.9 and Proposition 1.5.8, we
have a commutative diagram with exact rows

CH(P(Ely)) — CH(P(E)) —— CH(P(E|y)) —0

TOEY TGE TGE’Q}I

a} CH(Y) —— P CH(X) —— éB CH(U) —=0

i=0 1=0 1=0

Since the rank of E’ is < r, the morphism 6 is surjective by induction on r, and so is
Op'@1 by (6.3.f). The morphism g, is surjective by noetherian induction, and it follows
from a diagram chase that 0 is surjective. O

CH,;(A")_{ Z-[A"]  ifi=n,

EXAMPLE 6.3.4.

0 otherwise.

Z-P] if0<i<n

(PN >0 T
CH;(P") = { 0 otherwise.

(Here we P* denotes the linear subspace of P of dimension 7).

4. Chern classes

Let E — X be a vector bundle of rank r, and ¢: P(E) — X the associated projective
bundle. For any o € CH(X), by the projective bundle Theorem 6.3.2, there are unique
elements

¢i(E)(a) € CH(X)

such that

co(E)(a) =a and ¢;(E)(a) =0 for i & {0,--- ,r},
and
(6.4.9) 0= c1(0(1) " oq" o c;(E)(a) € CH(P(E)).

This defines group homomorphisms
¢i(F): CH,(X) — CH,—i(X),
and we write
o(B) = ci(E).
ProOPOSITION 6.4.1. Let E — X be a line bundle with sheaf of sections €. Then
the endomorphism ci(E) defined above coincides with the endomorphism c1(E) defined in

§4.2.
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PRrROOF. Indeed g: P(F) — X is an isomorphism such that O(1) = ¢*€V. In view of
Proposition 4.2.1(ii) and Proposition 4.2.3, we have

ca(O(1))oq" + g oci(€) =0,
proving that ¢i(E) = ¢1(£). O
PROPOSITION 6.4.2. Let E — X be a vector bundle of rank r. Then
s(E)oc(E) =c(E)os(E) =idcux) -
PROOF. The case 7 = 0 being clear, let us assume that » > 0 and consider the

morphism ¢: P(E) — X. For any k > 1, we apply ¢ oc1(O(1))*~! to the relation (6.4.g).
Using Lemma 6.2.8 (i), we obtain (since ¢;(E) = 0 for ¢ < 0)

0= Zq* 0c (O() 170 g* o y(E) = ZSk—z‘(E) o¢i(E).
i>0 i>0
On the other hand, in view of Lemma 6.2.4 and Lemma 6.2.10,

> s i(E)oci(E) = so(E) o co(E) =id.

i>0
Therefore
s(E)oc(E)=>_ > sii(E)oci(E) =id.
k>0i>0
Since so(FE) = id, we see that the morphism s(E) is injective. It follows that ¢(F)os(E) =
id. O

Thus the individual Chern classes can be expressed recursively from the Segre classes
using the formula

(6.4.h) en(E)=— i: ¢i(E) o sp_i(E).
=0

COROLLARY 6.4.3. Let E and F be two vector bundles on X. Then for any i, j
¢i(E)oci(F)=cj(F)oc(E).
ProoF. This follows recursively from (6.4.h) and Proposition 6.2.6. O
COROLLARY 6.4.4. Consider an exact sequence of vector bundles on X
0—>EFE—F—=G—0.

Then we have

¢(E) o c(G) = c(F).
ProoF. This follows from Proposition 6.2.12. g

COROLLARY 6.4.5. Let f: Y — X be a morphism, and E be a vector bundle on X.
(i) If f is proper, then
c(E)o fu=fioc(f*E): CH(Y) — CH(X).
(ii) If f is flat and has a relative dimension, then
¢(ffE)o f* = f"oc(E): CH(X) — CH(Y).
Proor. This follows from Corollary 6.4.4, Corollary 6.4.5 and Proposition 6.4.2. O
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PROPOSITION 6.4.6. If the vector bundle E — X is trivial (i.e. isomorphic to A%, —
X ) then ¢;(E) =0 when i > 0.

PROOF. We prove that ¢;(E)[V] = 0 when V is an integral closed subscheme of X.
In view of Corollary 6.4.5 we may assume that V = X. Let m: P(E) = Py ' — P"~! be
the projection. Then in CH(P(E))
cl(O) [Py '] = ea(mO(L))" o [P = 7" 0.1 (O(1)) [P

which vanishes, since ¢;(O(1))"[P*"1] € CH_{(P"!) = 0. The result follows from the
definition of the Chern classes (6.4.g). O
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